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1.  Behavior of a stationary wave function ¢(z)

1-a. Regions of constant potential energy

In the case of a square potential, V' (z) is a constant function V(x) = V in certain

regions of space. In such a region, equation (D-8) of Chapter I can be written:

d? 2m
(@) + 25 (B = V) p(a) = 0 (1)
We shall distinguish between several cases:
(i) E>V
Let us introduce the positive constant k, defined by
h%k?
E-V= 2
V=S (2)

The solution of equation (1) can then be written:

QO(:L') = A ez’ka: +A/ e—ikx (3)
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where A and A’ are complex constants.

(it) E<V
This condition corresponds to regions of space which would be forbidden to the

particle by the laws of classical mechanics. In this case, we introduce the positive constant
p defined by:

h2 p2

V-E= 2m
and the solution of (1) can be written:
o(x)=Be’* + B e (5)

where B and B’ are complex constants.

(7i7) E' = V. In this special case, ¢(z) is a linear function of z.

(4)



1-b. Behavior of ¢(x) at a potential energy discontinuity

How does the wave function behave at a point x = z,, where the potential V(x)
is discontinuous? One might expect the wave function ¢(z) to behave strangely at this
point, becoming itself discontinuous, for example. The aim of this section is to show that
this is not the case: ¢(x) and dp/dz are continuous, and it is only the second derivative
d?p/dz? that is discontinuous at = = x;.

Without giving a rigorous proof, let us try to understand this property. To do this, recall
that a square potential must be considered (¢f. Chap. I, § D-2-a) as the limit, when ¢ — 0, of
a potential Vz(z) equal to V(z) outside the interval [z; — &,z + €], and varying continuously
within this interval. Then consider the equation:

2
< 30e(@) + T E ~ Va(@)]pe() =0 (6)

where V.(z) is assumed to be bounded, independently of £, within the interval [z, — &, z1 + €].
Choose a solution ¢.(z) which, for z < z; — £, coincides with a given solution of (1). The
problem is to show that, when £ — 0, ¢-(x) tends towards a function ¢(z) which is continuous
and differentiable at = x;. Let us grant that ¢.(x) remains bounded’, whatever the value of
e, in the neighborhood of # = z;. Physically, this means that the probakility density remains

finite. Integrating (6) between z; — n and z, + 7, we obtain: ro D12 Son
gor Rodls
dee de- _2m e A,Q/ a°s .
) - - =55 [ e - PeEae @

At the limit where ¢ — 0, the function to be integrated on the right-hand side of this expression
remains bounded, owing to our previous assumption. Consequently, if 77 tends towards zero, the

integral also tends towards zero, and: l J .
) . (oo & derivada s
. '
£($1 +n)—£(11 —n) mo continva |a @uvt_(,ia"/' J(wﬁ)f?)

Thus, at this limit, dy/dx is continuous at = = x1, and so is ¢(x) (since it is the integral of a
continuous function). On the other hand, d%¢/dz? is discontinuous, and, as can be seen directly

{eS

2
from (1), makes a jump at x = z;, which is equal to h_T ¢(z1) ov [where oy represents the

change in V(z) at = = z4].

Comment:

It is essential, in the preceding argument, that V.(z) remain bounded. In certain
exercises of Complement Kj, for example, the case is considered for which V' (z) =
a 0(z), an unbounded function whose integral remains finite. In this case, p(z)
remains continuous, but dy/dz does not.

1-c. Outline of the calculation

The procedure for determining the stationary states in a “square potential” is
therefore the following: in all regions where V(z) is constant, write ¢(z) in whichever
of the two forms (3) or (5) is applicable; then “match” these functions by requiring the
continuity of p(z) and of dp/dz at the points where V(z) is discontinuous.




